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Abstract. We introduce families S„ (zi , . . . , z„) and S„ ^^(zi , . . . , z„) of maximal commu- 
tative subalgebras, called Bethe subalgebras, of the group algebra C[(3„] of the symmetric 
group. Bethe subalgebras are deformations of the Gelfand-Zetlin subalgebra of C[6„] . We 
describe various properties of Bethe subalgebras. 

1. Introduction 

Algebras of integrals of motion, or Bethe algebras, play an important role in the theory of 
quantum integrable systems. There has been progress recently in understanding properties 
of Bethe algebras, see |MTV4j . [FFRj . 

In this paper we define families B^{zi, . . . , Zn) and B^;^{zi, . . . , Zn) of commutative sub- 
algebras, called Bethe subalgebras, of the group algebra C[(3„] of the symmetric group, and 
describe their properties. Here zi, . . . ,Zn and h ^ are complex numbers. The first family 
is a degeneration of the second one as /I — ?■ 0. The Bethe subalgebras of C[(3„] correspond 
to the Bethe algebras for the Gaudin or XXX-type quantum integrable models on tensor 
powers of the vector representation of the Lie algebra gl^ via the Schur-Weyl duality. 

The subalgebras B^{zi, . . . , Zn) and B^f^{zi, . . . , Zn) can be viewed as deformations of 
the Gelfand-Zetlin subalgebra Qn C C[(3n] . More precisely, for distinct zi, . . . , Zn, the sub- 
algebra B^{zi, . . . , Zn) is a maximal commutative subalgebra of C[©„] of dimension dim Qn , 
and B^{zi, . . . , z^) tends to as 

(LI) fi^zi^ ^ 0, a = 2,...,n-l, 

see Theorem 14.31 and Proposition 12.41 Similarly, if Za — Zb ^ h for all 1 ^ b < a ^ n, then 
Bn ni^i, . . . , Zn) is a maximal commutative subalgebra of C[(3n] of dimension dim Qn , and 
B^jj^{zi, . . . , Zn) tends to Qn in the limit fll.ip provided in addition h/{zi — Z2) — > 0, see 
Theorem 16.31 and Proposition 15.201 
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Example. Let = 3. The center ^3 of C[(33] is spanned over C by the identity and the 
elements cri_2 + cti^s + (72,3, cri^2<^2,3 + ^'"2,3 c""!, 2 ? where (Ja^b is the transposition of a and b. 
The Gelfand-Zetlin subalgebra of C[(33] is spanned by and o"i,2- The Bethe subalgebra 
i3f (zi, ^2, ^3) is spanned by Z3 and the element ^icr2,3+Z2 0"i,3+-23 0'i,2- The Bethe subalgebra 
f^{zi, Z2, Zs) is spanned by and the element ^ict2,3 + 2;2 0"i,3 + -^3(71, 2 — ^cri,2cr2,3- Note 
that all maximal commutative subalgebras of C[©3] are of this form. 

For distinct zi, . . . ,Zn, consider the KZ elements . . . , ifl"^ G C[©„] : 

n 

(1.2) Hl:^ = J2^^, a = l,...,n. 

These elements pairwise commute. They are the right-hand sides of Knizhnik-Zamolodchi- 
kov (KZ) type equations for functions with values in C[(5„], see for example [C], [FVj . If 
&n acts on (C^)®*^ by permuting the tensor factors, the images of i^l""', . . . , -ffjT' become 
the right-hand sides of the celebrated Knizhnik-Zamolodchikov equations, see [KZ] , and the 
Hamiltonians of the Gaudin model associated with gl^y, see jG] . 

By Theorem 14.41 see also Theorem 14. 7[ the elements . . . , -ffjT^ generate the Bethe 
subalgebra B^{zi, . . . , Zn)- This statement corresponds to the well-known result that the 
Gelfand-Zetlin subalgebra of C[©„] is generated by the Young- Jucys- Murphy elements Ja = 
Ylb=i ^a,b for a = 2, . . . , n. Indeed, for every a = 2, . . . , the element {za — Zi)H^^ tends 
to the Young- Jucys-Murphy element Ja in the limit (11. ip . 

The counterpart of Theorem 14.41 for the Bethe subalgebra f^{zi, . . . , Zn) is given by 
Theorem 16. 7[ It implies that for distinct zi, . . . ,Zn such that Za — Zb ^ h for all a,b = 1, 
. . . , n, the subalgebra B^^{zi, . . . , Zn) is generated by the qKZ elements . . . , Kn^: 

(1-3) i^i"^ = {Za - Za-l + h(Ja-l,a) ■ ■ ■ {Za - Zi + kcJi^a) 

X {Za - Zn + haa,n) ■ ■ ■ {Za - ^a+l + h(^a,a+l) , 

cf. (16.111) . The qKZ elements and their images in End((C^)®'') under the action of 6„ by 
permuting the tensor factors are limits of the right-hand sides of difference analogues of the 
KZ-type equations [C], |FRj . 

The spectra of B^izi, . . . , Zn) and B^f^(zi, . . . , z„) as commutative algebras admit a nat- 
ural description in terms of scheme-theoretic fibers of appropriate Wronski maps, see Theo- 
rems S]3] and [631 This kind of description is a refinement of the nested Bethe ansatz method 
developed in the theory of quantum integrable models [KRj . 

A special case of Bethe subalgebras B^^^zi, . . . , Zn) is given by the homogeneous Bethe 
subalgebra = B^f^{zi, . . . ,zi). Actually, does not depend on h and Zi. The subal- 
gebra A^ is a maximal commutative subalgebra of C[(3„] generated by the elements 

~ ^ ] ^n,i2 ^i2,h ■ ■ ■ ^ik-i,ik ' k = 2, . . . ,n , 

see Theorem 1 7. 3 [ The permutation Ci-^^i^ CTi^^i^ . . . o'i^_^^i^, is an increasing /c-cycle {ii 12 . . . 1^) . 
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Another nice set of generators of A^^ is given by 7„ = 2 cr2,3 ■ ■ ■ <yn-i,n = Gn and the local 
charges /|"\ . . . , jj^lg , see Theorem 17.41 and Corollary 17. 5[ The elements I^^^ and G^^^ are 
related via the equality of generating series: log(l + {G^n^)~^ G^!^\j^u^) = XlfcLi ^t^'^^i 

see (17.61) and (17.71) . It is known that . . . , I^^}_2 can be written as sums of local densities 
independent of n, see (11.41) . the proof going back to [L]. In more detail, consider the chain 
C[(3i] C C[(32] C ■ ■ ■ C C[©„] C ■ ■ ■ , where C[6„] is generated by the elements o"a,a+i for 
a = 1, . . . , ?T, — 1 . Then for every k there is an element 9^ € &k+i independent of n such 
that 

n-l 

(1.4) lt^ = Y.^ndui:"', k = l,...,n-2, 

m=0 

cf. (17. 8p : for instance, 9i = ai^2 , ^2 = (o"2,3 o"i,2 — en, 2 o"2,3 — l)/2- Notice that the image of 
I^^ in End((C^)®"') under the action of ©„ is essentially the Hamiltonian of the celebrated 
XXX Heisenberg model, whose eigenvectors and eigenvalues were first studied in [B]. 

The algebra is semisimple, and its action on every irreducible representation of &n 
has simple spectrum, see Theorem 17.11 

The group algebra of the symmetric group enters various important families of algebras. 
An interesting question is if there are analogues of Bethe subalgebras for other members 
of those families. There are indications that such analogues may exist for the Weyl groups 
of root systems other than of type A, though there are several gaps to be closed there. 
The finite Hecke algebras of type A and Birman-Wenzl-Murakami algebras probably have 
versions of Bethe subalgebras due to their relation to centralizer constructions and analogues 
of the Schur-Weyl duality. The corresponding integrable models should be the models with 
reflecting boundary conditions, see for example [I]. It is plausible that the Bethe subalgebras 
can be defined for group algebras of affine Weyl groups. 

The algebra B^{zi, . . . , Zn) is closely related to the center of the rational Cherednik algebra 
of type An at the critical level, see [MTV8j . We expect that the Bethe subalgebra B^fiizi, 
. . . , Zn) has a similar relation to the center of the trigonometric Cherednik algebra. An 
interesting open question is to describe an analogue of the Bethe subalgebra related to the 
center of the double affine Hecke algebra. 

The plan of the paper is as follows. We introduce the Bethe subalgebras Bn{zi, . . . , Zn) in 
Section [2l In Section [3], we review the definition and properties of the Bethe algebra of the 
Gaudin model. More sophisticated properties of Bn{zi, . . . ,Zn) are described in Section HI 
We define the Bethe subalgebras Bnfi{zi, . . . , Zn) in Section O and study their properties in 
Section O In Section [TJ we consider the homogeneous Bethe subalgebra An- Additional 
technical details are given in Appendix. 

The authors thank M. Nazarov and A. Vershik for useful discussions. 

2. Bethe SUBALGEBRAS Bn{zi, . . . , Zn) of C[6„] 

Let &m be the symmetric group on m symbols. For distinct ri, . . . , r.^ G { 1, . . . , n} we 
denote by 7^1^].. .,rm '■ C[(3m] the embedding induced by the correspondence i 1— )■ r^. 
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Let a'™' = ^ X](t66,„(~-'^)'^^ antisymmetrizer in C[(5m]; in particular, A^^'^ = 1. 

Given complex numbers zi, . . . ,Zn, consider the polynomials . . . , $t^\u) in one var- 

iable with coefficients in C[6„] : 



n n—% 



(2.1) ^rk^)= E ^!^&U(^'^') n - = E <J ■ 

l^T\<--<ri^n a=l j=0 

a^{ri,...,ri} 

For instance, = riaT^rl"" ~ ^a.) and 

(2.2) E ^SU(^'^')' z = l,...,n. 

Proposition 2.1 ( [O V] ) . The elements ^^fl, ■ ■ ■ ,^|^o generate the center of C[(3„] . 

Independently, this statement follows from Proposition I3.5[ 

Denote by B'^{zi, . . . , Zn) the subalgebra of C[(3n] generated by all for i = 1, . . . , n, 
i = 0, . . . ,n — i. The subalgebra B^{zi, . . . , Zn) depends on zi, . . . , 2;„ as parameters. Clearly, 

(2.3) . . . ,2;„) = cri3^'(z^(i),...,z^(„))cr"^ 

for any cr e ©„. We call the subalgebras B^{zi, . . . , z^) Bethe suhalgehras of C[(3„] of 
Gaudin type. 
Set 



(2.4) ^W(M,t;) = v^\[{u-Za) + E(-l)'^i"^ 

a=l i=l 

where v is an indeterminate. It is straightforward to show that 

n 

(2.5) = (_i)n ^ asign(a) J] 

o-G6n 6=1 
b=a{b) 



Lemma 2.2. VKe have B^{szi, . . . , S2;„) = . . . , 2;„) /or an?/ s 7^ 0, and B^{zi + s, 

. . . , z„ + s) = B^{zi, ...,Zn) for any s. 

Proof. Formula (12. ip yields ( SUj ^ S Z'^ ^ . . . ^ S Ziyi j — s" (m; 2:1, . . . , 2;„). Hence, (?f'(s2;i, 

. . . , S2;n) = $f^j{zi, . . . , 2;„), which proves the ffist claim. Similarly, the second claim follows 
from the equality ^f'\u + s; Zi + s, . . . , Zn + s) = Zi, . . . , z^). □ 

Proposition 2.3. The subalgebra . . . , Zn) is commutative. 

Proof. Consider the algebra Ti = C[xi, . . . , x„] {C[yi, . . . , ?/„] k C[(3„]) and the polynomial 



j 

o-e6„ b=o-(b) j,i=0 



S^-\u,v) = (-1)" E ^sign(a) II {l-{u-x,){v~y,)) = ^ ^1>'^ 



BETHE SUBALGEBRAS OF THE GROUP ALGEBRA OF THE SYMMETRIG GROUP 



5 



with coefficients in 1-L. It is shown in |MTV8j (see Theorem 2.5, Lemma 3.1 and Section 3.2 
therein) that the elements commute with each other. 

Let ( : H ^ C[(3„] be the homomorphism defined by the assignment 

Xi Zi , ?/j I— )■ , a I— i- (T , i = l,...,n, a G ©n • 

Then C(^!j) = for j < i and ((Sfj^ = ^l"Lj for j ^ i ^ 1 , which yields the claim. □ 
Alternatively, Proposition 12.31 follows from Theorem 13.11 and Corollary 13.31 below. 

Let Zm be the center of C[(3m]- The subalgebra Qn C C[(3„] generated by the images 
^l".!.,m(^m), m = 1, . . . , n, is called the Gelfand-Zetlin subalgebra of C[6„]. The subalgebra 
Qn is a maximal commutative subalgebra of C[©„], see |OVj . 

Proposition 2.4. The Bethe subalgebra B^{zi, . . . , Zn) tends to the Gelfand-Zetlin subal- 
gebra Qn as {za-i - Za)/{za - Za+i) -^0 for all a = 2, . . . , u - 1 . 



Proof. Without loss of generality we can assume that zi = 0, see Lemma 12. 2[ so we have 
Za/za+i — >■ for all a = 2, . . . , n — 1 . In this limit the element {—ly ^n-j+i ■ ■ ■ ^n'^ tends 
vr["| „„j q) . Therefore, the limit of B^{zi, . . . , Zn) contains Qn, see Proposition 12.11 
Since Qn is a maximal commutative subalgebra of C[6„], and B^{zi, . . . , z^) is commutative 
for any zi, . . . ,Zn, the limit of . . . , z„) coincides with Qn- D 

Let /3 /Jt be the linear antiinvolution on C[©„] such that o"^ = a^^ for any a G ©„. 
Let /3 I— )■ /3* be the semilinear antiinvolution on C[(3n] such that a* = a^^ for any a G ©„. 

Proposition 2.5. We have • • • , ^n))^ = • • • , ^n) and • • • , Zn))* = 

■ ■ ■ 1 ^n) for all Here zi, . . . ,Zn are the complex conjugates of Zi, . . . , Zn ■ □ 



,j v~ J- 5 • • • 5 / ^ t,j • • • 1 -It/ \ i,y 

7-1 far nil i i Hprf 

Further properties of the subalgebras B^izi, . . . , Zn) are given in Section HI 



3. BETHE ALGEBRA OF THE GaUDIN MODEL 

Let V = C^. We identify elements of End(y) with N x N complex matrices. We also 
consider V as the natural vector representation of the group GL^. 

Let Eij G End(y) be the matrix with only one nonzero entry equal to 1 at the intersec- 
tion of the i-th row and j-th column. Consider first-order differential operators in u with 
End(V"'^"')-valued coefficients: 

Xij = 6ij Ou - y , l,J = 1,...,N , 

^ U- Za 

a=l 

where 6ij is the Kronecker symbol, and the n-th order differential operator in u 

n 

V = Za) ^ sign(cr) X<^(i),iX^(2),2 • • • X„(^n),n ■ 

0=1 ae&N 



6 E. MUKHIN, V. TARASOV, AND A. VARCHENKO 

By Theorem 1 in |MTV6j . D is a polynomial differential operator, 

n n—i 
i=0 j=0 

Denote by Bn,N{^ii ■ ■ ■ ■, Zn) the subalgebra of End(K®") generated by all Cf^- for i = 1, 
. . . , n, j = 0, . . . , n — z. The algebra Bn,N{,zi, . . . , z„) depends on zi, . . . , Zn as parameters. 

Theorem 3.1 ([T]). The algebra Bn,N{zi, ■ ■ ■ , Zn) is commutative and commutes with the 
action of GL^ on K®". 

We call the algebra i3„jv(^i; • • • ; Zn) the Bethe algebra for the Gaudin model with param- 
eters Zi, . . . ^Zn- 

Remark. The algebra Bn,N{zi, . . . ,Zn) is the image of the Bethe subalgebra of f/(gl^[t]) 
in the tensor product ®"=iV"(za) of evaluation gl^[t]-modules. We give more details in Sec- 
tion EH 

Let the symmetric group (3„ act naturally on V^"' by permuting the tensor factors. Denote 
by Wn '■ C[&n] — End(V^®") the corresponding homomorphism. By Theorem 13. the 
algebra Bn,N{zi, . . . , Zn) lies in the image of ro„ due to the Schur-Weyl duality. 

Theorem 3.2. We have uJn{B^{zi, . . . , Zn)) = Bn,N{zi, ■ ■ ■ , Zn)- More precisely, vJn{^Y}) = 
C|"- for any i = 1, . . . ,n, j = 0, . . . ,n — i. 

Proof. Since 

Eij=i Eij ® Ej^, G End(\/®2) jg ^Yie flip map, it is straightforward to see that 
the image of under zun coincides with Y^jZo gIjU"~'^~^. □ 

Corollary 3.3. The algebra Bn,N{zi, . . . , Zn) for N ^ n is isomorphic to B^{zi, . . . , Zn). 
Proof. The homomorphism Wn '■ C[©„] — ?■ End(\^®") is injective for N ^ n. □ 

A partition A = (Ai, A2, . . . ) with at most m parts is a sequence of integers such that 
Ai ^ A2 ^ ■ • • ^ and Am+i = 0. If Yl!iLi \ = we write \ \- n and say that A is a 
partition of n . 

For A h ra, let Mx be the irreducible (3„-module corresponding to A, and X\ ^ 
the respective central idempotent. By definition, X\ ^'Cts as the identity on Mx and acts 
as zero on any for ^ \. By Proposition 12.11 the algebra B^{zi, . . . , Zn) contains Z„, 
so Xx^ K{zi,..., Zn). Set B^^xi^i, ...,Zn) = Xx^nizi, • • • , ^n)- The algebra B^xizu • • • , 
Zn) is isomorphic to the image of B^{zi, . . . ,Zn) in End(M;^) by the canonical projection. 
Clearly, B^{zi, . . . , z^) = B^ xi^i^ ■■■,Zn). 

By the Schur-Weyl duality, we have the decomposition 

V^- = Lx^Mx 

\\-n 

with respect to the GL^^ x 6„ action. Here Lx is the irreducible representation of GLjy 
with highest weight A. By Theorem 13. H the action of Bn,N{zi, ■ ■ ■ , Zn) on V"®" descends 
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to the action on each Mx- Denote by Bn,N,\{zi, . . . , Zn) the image of Bn^Ni^i, ■ ■ ■ , Zn) in 
End(MA). 

Corollary 3.4. Let \ \- n he such that = for i > N. Then the algebra Bn,N,\{zi, . . . , 
Zn) is isomorphic to ^{zi, . . . , Zn). 

Proof. The claim follows from Theorem I3.2[ □ 
Proposition 3.5. We have 

E(-ir<i flit+j) = E^aHi^-a.+j), 

i=0 j=i+l Xhn j=l 

where t is an indeterminate, <P^qq = 1, other <p|"q are given by (12. 2p . and X = (Ai, A2, . . . )■ 

Proof Let dj = YJl=i 1®^""^) ® Eij ® e End(\/®") . Set 

(V^®")r' = {^ey®" I e,,,t; = A,t;, e,,kV = , t = 1, . . . , N , l^j<k^N}. 

The subspace (y^"-)^"'^ is nonzero if and only if Aj = for i > N. By the Schur-Weyl 
duality, a nonzero subspace (^®")^™5 is an 6„-submodule of isomorphic to Mx- Now 
the proposition follows from Theorem 13.2^ Corollary 13.4^ and the results of |MTV4j . see 
formulae (2.11) and (2.3) therein. □ 

4. Further properties of the Bethe subalgebras B^izi, . . . ,Zn) 

The algebras Bn,N,x have been studied in |MTV4j . see more details in Section \KA] The- 
orems 14.11 and 14.31 translate the results of |MTV4j into properties of the algebras B^ using 
Corollaries 13.31 and 13.41 

Theorem 4.1. We have 

i) For any zi, . . . , Zn, the algebra B^izi, . . . , Zn) is a Frobenius algebra. 

ii) For real zi, . . . ,Zn, the algebra B'^izi, . . . , Zn) is a direct sum of the one- dimensional 
algebras isomorphic to C. This assertion holds for generic complex zi,...,Zn as 
well. □ 

We refer a reader to [W] for the definition and basic properties of Frobenius algebras. 

Let &n act on C[yi, ...,?/„] by permuting the variables. Denote by deg p the homoge- 
neous degree of p G C[yi, . . . , y„] : deg yi = I for all i = 1, . . . ,n . We extend the degree 
to Mx ® C[?/i, . . . , y„] trivially on the first factor. Then the (3 „- module Mx ® C[yi, ...,?/„] 
is graded. For any w G {Mx ^ C[yi, . . . ,yn])'^" we have deg w ^ '^^=i{i — 1) Aj, and the 
component of {Mx ® C[yi, . . . ,yn])®" of degree ^"^^(^ — 1) Aj is one-dimensional, see |K]. 
Let wx be a nonzero element of {Mx ® C[?/i, . . . , y^])®" of degree ^"^^(^ — 1) Aj. 

For a positive integer m and a partition A with at most m parts, consider indeterminates 
fij with i = 1, . . . , m and j = 1, . . . , \i + m — i, jj^Xi — X^ — i + s for s = i + 1, . . . , 
m. Given in addition a collection of complex numbers a = {ai, . . . , an), define the algebra 
Cm,A,a as the quotient of C[/i,i, . . . , fm,x,n] by relations (14. 2 p described below. 
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Consider fij as coefficients of polynomials in one variable, 

(4.1) /^(„) = u^»+— + j2 

assuming that fi^x._x^_i+s = for s > i, that is, the coefficient of in fi{u) equals 

zero. The defining relations for Ojn,x,a are written as an equality of two polynomials in u: 

n 

(4.2) Wr[A(«), . . . , Uu)] = J] (A, - A. + z - j) + (-1)^ a.«"-^) , 

where Wr[/i(M), . . . , fmiu)] = det (di'^fjiu))..^^^^^ is the Wronskian. 

Lemma 4.2. Lei \ be a partition with at most m parts, and k ^ m. Then the algebras 
Cfc,A,a (ind Om,\,a o^re isomorphic. 

Proof. Let f^^^ and f^™'^ be the indeterminates used to define the algebras Cfc,A,a and 
Cm, A, a, respectively. In both cases, the subscripts i, j run through the same sets of pairs 
because Aj = for z > m. Denote by ff''\u) and fi"^\u) the corresponding polynomials, 
see dHD. Notice that f-^^u) = u^'' for i = m+l,...,k. 
The assignment 

(.{m} r{k} TT \i + s — i — i 



f!f ^ /S' n 



Ai + s - i 

s=m+l 



defines an isomorphism of Om,\,a and O/t^A.a- Indeed, the assignment means that 



k 



(4.3) ftHu)>-,dt-f^'\u) n ^^^^ 

s=m+l * 

and 

Wr[/^>(t.), . . . , fi-Hu)] ^ C,,^,A Wr[/W(t.), . . . , ft\u)] , 

Cfc,^,A = (-1)^'-"^^^'+"^-'^/' n ji 



s=0 



A (A, + fc-z)! 



which yields the claim. □ 
Let Ox,a = On,x,a- Set 

FxA^,v) = e-™Wr[/i («),...,/„(«), e™] J] 

It is a polynomial in u,v with coefficients in Ox a - 



Xj — Xi + i — i 



n n—i 



Fx,a{uM = 5^ $^(-iri^A,a,„- 

j=0 j=0 



Further on, we identify elements of Mx (X> C[yi, . . . , y„] with M^- valued polynomials in 

2/1, • • • ,?/n- 
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iii) // zi, 



Theorem 4.3. Let zi, . . . , z„ be distinct. Then 

i) The algebra B'^{zi, . . . ,Zn) is a maximal commutative subalgebra of C[©„]. 

ii) The map B^{zi, . . . , Zn) — ?• Mx , X h-). Xwx{zi, . . . , Zn) , is an isomorphism 

Ahn Ahn 

of the regular representation of B^{zi, . . . , Zn) on itself and the B^{zi, . . . , Zn)-module 
Mx . In particular, dim B^{zi, . . . , Zn) = J2x\-n ■ 

, Zn are real, then the action of B^{zi, . . . , Zn) on Mx is diagonalizable 

Ahn 

and has simple spectrum. This assertion holds for generic complex Zi, . . . ,Zn as well. 
iv) The assignment Xx^t!j ^ F\,a,i,j for i = l,...,n, j = 0,...,n — i, extends to 
an isomorphism of algebras B^ ^{zi, . . . , Zn) Ox a- Here a = (ai,...,a„) and 

Proof of Theorems \4.1\ Due to the decomposition B^{zi, . . . , Zn) = -B^ ■ ■ ■ ; ^n), 

Ahn 

it suffices to verify the counterparts of the claims for the algebras B^^^{zi, . . . ,Zn) and the 
. . . , z„)-modules Mx- The required statements follow from the properties of the 
algebras Bn,N,x{zi, . . . , Zn) , established in |MTV4j . □ 

Remark. If zi, . . . , Zn coincide at most in pairs, the algebra B^{zi, . . . , Zn) is a maximal 
commutative subalgebra of C[6„]. If there is a triple of coinciding z's, then B^{zi, . . . , Zn) 
is not a maximal commutative subalgebra of C[©„]. 



Let <^a,b £ ©n denote the transposition of a and h. For distinct 2:1, 

n 



1 set 



m 



^ Z„ — Zh 

b=l " 



n . 



cf. (11 ■2p . It is easy to see that 

n ^ 



a=l 



Zb 



JJ (U - Zb) . 



Consider the diagonal matrix 
(4.4) 

and the matrix 



6=1 

b^ta 



I 



(4.5) 



Q 



hi 
1 

Z2 - Zi 



Z = diag(zi, ...,Zn) 
1 1 



1 



Zl — Z2 Z\ — Z3 

1 



Z-l - ^3 



Zl — Zn 
1 

Z2 — Zn 



Z\ Zn — Z2 Zn 



zz 
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depending on new variables hi, . . . ,hn. Set 

(4.6) v;zi,..., Zn, hi,..., h^) = det ((m - Z) {v - Q) - l) . 

Theorem 4.4. Let zi, . . . ,Zn he distinct. Then the suhalgehra B!^{zi, . . . , Zn) is generated 
by the elements h\^\ . . . , Hn''\ More precisely 

(4.7) $^'^\u,v) = n^^,v■,Zl,...,Zn■,H^;'\...,Ht^), 
where ^["l('U,f) is given by (12. 4p . 

Proof. The claim follows from Theorem 13.21 and Corollary 13.31 and [MTV7t Theorem 3.2]. 
Note that the matrix Q here is transposed compared with its counterpart in jMT V7j . □ 

Combining formulae (12. 5p and (14.71) . we get 

?{u,v;zi,...,Zn,H^'\...,H^:^) = {-irYl ^sign(a) J] {l-v{u-z,)). 

o-ee„ b=a(b) 



In the limit {za-i — Za) / {za — -Za+i) — for a = 2, . . . ,n — 1 , the elements {z^ — zi)Hj^ 
tend to the Young- Jucys- Murphy elements Jb = Yl^a=i ^a,b- The elements J2, . . . , Jn gener- 
ate the Gelfand-Zetlin subalgebra Qn, see |0V] . Theorem 14.41 is the counterpart of this fact 
for the Bethe subalgebra B^{zi, . . . , Zn). 

The subalgebra of C[(3„], generated by the elements H^^, . . . , ifjT^ and its relation to the 
Gelfand-Zetlin subalgebra were considered in |CFR] . 

For distinct zi, . . . ,Zn and a partition A = (Ai, . . . , A„) of n, define the algebra IKa(-2i, 
. . . , Zn) as the quotient of C[/ii, . . . , hr] by relations (14. Sp . (14. 9 p described below. Write 

n 

7{u,v;zi,...,Zn]hi,...,hn) = ^ ?ij{zi,...,Zn;hi,...,hn)u''~^v''~\ 

i,j=0 

The defining relations for 'Kx{zi, . . . , Zn) are 

(4.8) 'yi^j{zi,...,Zn;hi,...,hn) = Q, O^j <i^n, 
and 

n n n 

(4.9) Yl ...,zn;hi,...,hn) Y[{t + j) = l[{t-Xj+ j) , 
where t is a formal variable, cf. Proposition 13.51 

Theorem 4.5. Let zi, . . . ,Zn be distinct. Then the assignment ha X\H11^\ a = 1, . . . ,n, 
defines an isomorphism of algebras "Kxi^zi, . . . , Zn) and B^^ ^i^i, . . . , Zn) ■ 

Proof. Define the algebra ^\{zi, . . . , Zn) as the quotient of C[ri, . . . ,r„] by relations (I4.10p . 
(14. lip , described below. 
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Let gaiv) = (v + Va) e^"'', a = 1, . . . , n. Let A = J]^ {zb - Za) . Write 



n 



i,jr=0 

The defining relations for £a(-2i, • • • , Zn) are 

(4.10) i?j,j(2;i,...,2;„,ri,...,r„) = 0, 0^j<i^ra, 
and 

n n n 

(4.11) ^ R,^i{zi, ...,Zn,n,...,rn) n + = n " + •^') ■ 

1=0 j=i+l j=l 

Formulae (4.1) -(4.3) in [MTV7j and formulae f l4.8p - f H.lip in this paper imply that the 
algebras 8,\{zi, . . . , Zn) and "Kxi^zi, . . . , Zn) are isomorphic by the correspondence 

fr^ Za- Zb 

of a 

The algebra £a(^i, • ■ ■ , ^n) was studied in |MTV2t Section 5], see details in Section |A.2[ 
Theorem 14.51 follows from Theorem 6.12 in |MTV2] . Theorem 3.1 in |MT V6] . Lemma 4.3 
in [MTV7j , and Corollary 13.41 in this paper. □ 

n Xi 

For a partition A of n, set Il\{v) = Y\ Y\. ("^ + ^ ~ • Notice that Ilx{v) is a poly- 
nomial in V of degree n and j=i j=i 

(4 12) = 17 ^~^- + ^ 

^ ' 1=1 

Il\{v) is the product over all boxes of the Young diagram of shape A, the number i — j in 
the factor v + i — j being the negative of content of the (z, j)-th box of the Young diagram. 

Set n(t>) = Xx^xi'^) ■ It is known that 

n 

(4.13) U{v) = Y[{v-J^) = {-IT J2 ^i-^y^"^ = 5Z ^ sign((T) , 

i=i a-e6„ (Te6„ 

see [Jj. Here Ji = 0, J2, are the Young- Jucys-Murphy elements, and c{a) is the 

number of a-orbits in { 1, . . . , } . 

Consider a new generating function 

(n n * 1 \ 

l[{u-z^) + j2 n ^ ' 

a=l i=l j=l / 

where $^^\u), . . .,$t\u) are given by ^1^, cf. (jZH). 

Lemma 4.6. The function ${u, v) is a polynomial in v of degree n . 
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Proof. Since Ilx{v) is divisible by {v + 1) . . . {v + i) provided Aj 7^ 0, it suffices to show that 
Xa^1"'(^) ~ Aj = 0. This follows from formula ( 12. ip . because 7ri"|...,ri(v4[']) acts by zero 
in the ©^-module Ma if A^ = 0, that is, Xa^S-.^I^^*^) = 0. □ 



Set 



1=0 



By Proposition I3.5[ and formulae fl4.12p and f l4.14p . we have 
(4.15) = Uiv), ^^:\v) = i-irz,...znlliv + l). 

Let Z, Q be the matrices given by fl4.4p , fl4.5p . Set 

v; zi, . . . ,Zn;hi, . . . , hn) = det [{u - Z){v - ZQ) - Z) . 
"Poiv; zi, . . . , Zn, h, . . . , hn) = det{v -ZQ). 
Theorem 4.7. Let zi, . . . , be distinct. Then 

d^^\u,v) = nu,v;z„...,Zr,;Ht'\...,Ht^). 

Proof. The claim follows from Theorem 13.21 and Corollary 13.31 and appropriately modified 
|MTV7t Theorem 3.2]. The proof of the required counterpart of |MTV7t Theorem 3.2] is 
similar to the proof of the original assertion in |MTV7j . using the results from [MTV3j . □ 

Corollary 4.8. We have To{v; Zi, . . . , z„; H^^\ M"') = U{v) . 

Proof. The claim follows from each of equalities fl4.15p . □ 

In the limit Za/z^+i — > for a = 1, . . . , n — 1 , the elements ZiH^\ . . . , ZnH^^ tend to 
the the Young- Jucys-Murphy elements Ji , . . . , J„ , the matrix Q becomes triangular, and 
Corollary 14.81 reproduces the ffist part of formula f l4.13p . Moreover, in this limit 

i-iyz-'_,^, . . . Z-' i>Piv) ^ {v-j,)...{v- (v + i- . . . + 1 - j„) 

for i = 1, . . . ,n . Recall that Ji = . 

For a rational function R{v) denote by {R{v)) the fractional part of R{v) . That is, 
R{v) — {R{v)) is a polynomial and lim^,_j.oo(-R(^^)) = 0. 

For distinct zi, . . . ,Zn and a partition A = (Ai, . . . , A„) of n, define the algebra "Kxi^zi, 
. . . , Zn) as the quotient of C[hi, . . . ,hn] by relations ( I4.16p . ( I4.17p described below. Write 



9{u, v;zi,...,Zn;hi,...,hn) = ^ "Piiv; zi, . . . , z^, hi, . . . ,hn) u'' 



i=0 



The defining relations for IKa(2i, 
(4.16) To{v; zi,...,Zn]hi,...,hn) = Il\{v) 
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cf. Corollary 14 .Sj and 

(4.17) (_|M_^n(„ + ,)).0. ,^1.....„. 

Conjecture 4.9. Let zi, . . . ,Zn be distinct. Then the assignment X\H^\ a = 1, . . . , 

n, defines an isomorphism of algebras "Kxi^zi, . . . , Zn) and ^{zi, . . . , Zn) ■ 

5. BETHE SUBALGEBRAS B^^^^^i, . . . , Zn) OF C[©„] 

In this section we describe further generalization of the Bethe subalgebras of C[©n], 
depending on an additional nonzero complex parameter h. 

Let p be a complex number. Define the linear map Tr^-* : C C[(3„] by the rule: 

a) write an element a G Sn+m as a product of cycles, remove all symbols j such that j > n 
from the record of a, and read the obtained record as an element r G ; 

b) let c(cr) be the number of a-orbits in {1, . . . ,m + n} and c(r) the number of r-orbits 
in {!,...,«}; 

c) then, Tr^^^a) = p<^i^)'<r)^^ 

Example. Let n = 4, m = 5, cr = (137) (256) (89) G 69. Then r = (13) G 64, c{a) = 4, 
c(r) = 3, and Tr^^^(cT) = p(13) G €[64]- 

The definition of the map Tr^-* is motivated by Proposition 15. II Recall that V = C^, and 
&k acts on V^®^ by permuting the tensor factors, the corresponding homomorphism denoted 
by zuk : C[&k] ^ End(V^®'=). Define the linear map tr„ : End(r®("+'")) ^ End(\/®") as the 
trace over the last m tensor factors, that is, trm(-^ ® F) = X tr(F) for any X G End(V"®") 
and Y G End(V®™). 

Proposition 5.1. We have tTm{tOn+m{<^)) = '^n(Tr^^(cr)) for any a G Sn+m- D 
Recall that 7tI^~^^}„^ : C[&m] — ^ is the embedding induced by the correspondence 

i ^Ti. For brevity, we set = TTn+if..,n+m- 

Lemma 5.2. Let ri, . . . , and Si, . . . , s; be two collections of numbers from {1, . . . , n + 
m}, distinct within each collection, and {ri, . . . , r^} fl {si, . . . ,si} C {n + 1, . . . ,n + m} . 
Then for any X E &k and Y E &i , we have 

(5. 1) Tr(^) (vrl'^+l (X) 7ri^+-] (F ) ) = Tr^^) (vri^+.-l (F) ^'^+1 (X)) . 

Proof. Since the homomorphism Ct7„, : C[(3„] — )■ End(K®") is injective for N ^ n, formula 
(15. ip holds for p G by Proposition 15.11 and properties of the trace of matrices. This 
implies formula (15. ip for all p because both sides depend on p polynomially, □ 

Recall that G C[©„] is the antisymmetrizer, = ^ E<xe6™(~l)''^ • 
Lemma 5.3. Let k ^ m, and X G &n+k- Then 

m—k 

p ~ m + t 



m + 1 
1=1 
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Proof. Straightforward by induction on m. □ 

Recall that aa^b is the transposition of a and b. For m G Z^q? consider the polynomials 
Tm\u;p; h) in u with coefficients in C[(3n] depending on p and h as parameters: 

n 

(5.2) Tt\u-p-h) = l[{u-z,), 

a=l 

(m m \ 

i=l i=l ^ 

Set 

n 

(5.4) TN(«;p;n) = 5^TSb;/z) 



j=0 



Denote by B^f^{zi, . . . ,Zn) the unital subalgebra of C[©„,] generated by all Tj^\{p; h) for 
m = 1, . . . ,n — 1, i = 1, . . . ,n, with given p,h. The subalgebra f^{zi, . . . , Zn) depends 
on zi, . . . , Zn as parameters. We call the subalgebras B^nizi, . . . , Zn) Bethe subalgebras of 
C[©„] of XXX type. 

Proposition 5.4. The subalgebra B^nizi, . . . ,Zn) does not depend on p. 

Proof. We construct below elements Sl^\ e C[6„] that do not depend on p, see f l5.14p . and 
show in Proposition 15.81 that B^^iizi, . . . , -2„) is generated by Sl^\ for m = 1, . . . , n — 1, 
i = 1, . . . ,n — m. □ 

Lemma 5.5. We have 

min (m,n) 

m m ^ ^ 

(5.5) {u- Zn + hY,an,n+i) ■■■{u- Zi + h^ai^n+i) = z2 ^r,s,T(M; ^) , 

A:=0 l^ri<-<rfc^n 



TT 

(5.6) Xr,s,^(M; /i) = II (u - 2:^ + ^ X] o-b,n+s, ) x 



a-1 



7 = 1 



denotes the ordered product: J|^ Xi = XdXd-i---Xc, and ro = 0. 

Proof. Expand both sides of (15.51) as a sum of monomials ?/„ i/n-i ■ ■ - Vi, where each factor 
Ub is either (m — Zb) or cxb^n+j for some j G {1, . . . Then one can verify by inspection 
that every of (m + 1)" possible monomials appear exactly once in each side of (15. 5p . □ 
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Set ^) = Ua=li^ - ^a), 

(5.7) SPiu; h) = k\h' n i^-^a + nZ CTr,,a) ■ 

a0{ri,...,r,} ^^^^ 

for /c = 1, . . . , n, and S\!^\u; h) = for k > n. For example, since 

n 

(5.8) S^^\u; h) = h^iu- Zn + hai^n) ...(«- Zi+i + ^CXi^i+i) {u - Zi_i) ...{u-Zi) 

i=l 

n 

= 5Z XI ^^^i'^^ ■ ■ ■ (^n,i2 n ~ ' 

where the empty product of transpositions for j = 1 is the identity. Notice that the permu- 
tation ai^^i^ crn,ij„i • • • o-ji.ia = (^iiM '^i2,i3 ■ ■ ■ ^n increasing j-cycle {ii 12 . ■ ■ ij) . 

Proposition 5.6. For m G I'^o , we have 

m ^ m—k 

Proof. By formula (15. 7p and Lemma [5. 11 we have 

where ^ ,-(«; /i) is given by (15. 6p . and the equality holds for every s and r. Then the 
claim follows by formulae (15. 3p , (15. 5p , and Lemma 15.31 □ 

Consider the generating series 

00 00 

(5.9) f^-\u,x;p;h) = rW(w; p; n) a:'" , S^'^\u,x;h) = ^^^^(w;^) 



m=0 m=0 



Remind that S{u,x; K) is actually a polynomial in x of degree n, because Sm [u] h) = for 
m > n. Proposition [5?6] is equivalent to T{u,x;p;h) = {l + xY S(^u,x/{l + x);!i) . Therefore, 
S{u,x; h) = {1 — xyT(u,x/{l — x);p;fi) , which gives 

(5.10) 5W(n;n) = E j^^^T^ ^) H " ^ + ^) • 



A;=0 



Remark. Notice that (1 + xY = ^"^^^ Tr^)(AH) x 



Remark. Taking p = m — 1 in either Proposition 15.61 or formula (l5.1Up yields Sm {u; h) 
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Lemma 5.7. Let m G Zj.^ . Then 

n 

(5.11) TW(M;m) = Y[{u - + h) 

a=l 

and T^\u; m) = for k > m. 

Proof. Since m ^ n, the homomorphism Ct7„ : C[(3„] — End((C™')®") is injective. Hence, 
it suffices to compute the image of T]"'('u;m) under Wn- This can be done using Propo- 
sition [5]T1 Since ■cUm{A^''^) = for A; > m, verifying that Tj^\u;m) = for k > m is 

straightforward. This equahty also follows from Proposition 15.61 because S'|,"^ (u) = for 
k > n. 

To prove formula flS.lip . we observe that zUmiA^'^^) is a rank-one projector and use Propo- 
sition 15.11 to get 

(5.12) Tr(„-) [^miA^""^) E ^a,n+. ^) = Tr(;r^ (^^(^H) x) 

for any a = 1, . . . ,n, and any X G &n+m- Together with formula (15. 3p . this yields the 
claim. □ 



Taking p = m in Proposition 15. 6[ we have 

n n 

(5.13) 5^4"l(n;n) = l[{u-Za + h) 

k=0 a=l 

Write 



(5.14) 5N(n;n) = ^ 5^ 

i=0 

Notice that by formula (15. 7p . 

m,0 ■ 



(5.15) 4"!o = ^"^^"^ 



Proposition 5.8. The suhalgehra /^{zi, . . . , Zn) is generated by the elements for 
m = l,...,n — 1, i = l,...,n — m. 

Proof. By formula fl5.10p . the subalgebra B^fi{zi, . . . , Zn) contains the elements s!^\ for all 

m and i . Then the claim follows from Proposition 15.61 and formula fl5.13p . □ 

Corollary 5.9. The subalgebra B^f^{zi Zn) contains the elements T^'-, see (15. 4p . for 
all m and i . 

Proof. The claim follows from Proposition 15.61 □ 
Lemma 5.10. We have B^^j^^szi, . . . , szn) = B^f^{zi, . . . , Zn) for any s ^ 0, and 
Kfii^i + s,...,Zn + s) = B^j-Xzi, ...,Zn) for any s. 

Proof. Formula (15. 3p yields Tm\su; p; sh; szi, . . . , sZn) = s^Tm\u; p; h; Zi, . . . , Zn)- Hence, 
T^'j(p; sh; szi, . . . , SZn) = s*T^'j(p; h; Zi, . . . , Zn), which proves the ffist claim. Similarly, the 
second claim follows from the equality Tm\u + s; p; h; Zi + s , . . . , z^ + s) = Tm\u; p; h; Zi, 

...,Zn). □ 
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Let 7 G &n be given by 7(z) = i + 1 for i = 1, . . . ,n — 1 , and '~f{n) = 1 . 
Proposition 5.11. We have jTm^u^p; h; Z2, ■ ■ ■ , Zn, zi) 7"-^ = Tm\u;p] h; zi, . . . , Zn) ■ 
Proof. By formula fl5.3p and Lemma [5.21 we have 

Tjr!\u;p;h;zi,...,Zn) = 

/ m m m 

= Tr^^ ({u - Zi + hJ2 Cri,n+i) t9m(^''"') {u - Zn + Crn,n+i) . . . {u - Z2 + a2,r. 

^ i=l i=l i=l 

/ m m m 

= Tr^M [u- Zi + hJ2 0-l,n+i) {u - Zn + hJ2 (^n,n+i) ■ ■ ■ {u - Z2 + HJ^ ^2,. 

^ i=l 1=1 i=l 

= 'yTj^\u;p;h;z2,...,Zn,Zi)-f-^ . 



m 



In the second equahty we use that Yl '^i,n+i "^^ml^'™') = '&m{A^"^^) ^ cri^n+i- CD 

Corollary 5.12. We have B^^f^{z2, . . . , Zn, zi) = 7"^ B^^fi{zi, . . . , z„) 7 . 
Proposition 5.13. For any a = 1, . . . ,n, we have 

{{Za - Za+l)(Ta,a+l + h)T!^\u]P] H] Zi, . . . , Z„) = 

= T^\U]P] h; Zi, . . .,Za+l,Za, ■ ■ ■ , Zn) {{Za - Za+l) Cra,a+1 + h) . 

Proof. The claim follows from the identity 

m \ m 

{{Za - Za+l) aa,a+l + h) [u - Za+l + ^ XI 0"a+l,n+i) ] {u - Za + Cr„,„+i) 

i=l ' 1=1 ' 

m \ m \ 

= [u- Za + hY, Cra+l,n+i) ) {u - Za+l + ^ E Cra,n+i) ) ((^a - Za+l)aa,a+l + ^) • n 
i=l ' i=\ ' '-' 

Corollary 5.14. For any a = 1, . . . , n, vie have 

((^a ~ ^a+l) O'a.a+l + ^)B)^n,riy'^^i • • • 1 ^n) = 

~ • • • ' Za+l, Za, ■ ■ ■ , Zn) {{Za — Za+l) 0'a,a+l + ^) • 

Corollary 5.15. // Za 7^ Za+i ± h then the suhalgehras B^ f^{zi, . . . , z„) and B^^^{zi, . . . , 
Za+l, Za,---, Zn) are conjugate in C[6„] , cf ([23]) ■ 

Proof Since {{Za - Za+l)(Ta,a+l + h) {{Za - ^a+l ) (Ta^a+l " ^) = (^a " Za+l)"^ - Jl^ 0, the 

claim follows from Corollary 15.141 □ 

Proposition 5.16. The subalgebra B^;^{zi, . . . ,Zn) contains the center of C[&n]- 

Proof. The statement follows from formula flS.lSp and Proposition 12.11 □ 
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Lemma 5.17. We have 

{u-{m-l)h + haa,n+i) ■■■ {u + haa,n+i) = 



m—l 



^=1 i=l 



Proof. Both sides of the formula are polynomials in u of degree m with the matching coef- 
ficients for and u"*"^. In addition, the product 111^7^ ~ '^^) divides the left-hand side 
of the formula due to the identity 

(1 - aij) {u-h + hoaA) {u + haa,j) = {u- h){l - aij) {u + haa,i + ficra,j) , 

which completes the proof. □ 
Theorem 5.18. The suhalgehra B^j-^{zi, . . . ,Zn) is commutative. 

m 

Proof. Let P{u) = Y[a=i ~ ^a) ■ Since '&rn{^^^'^) commutes with (u + o"a,n,+i) , for- 

1=1 

mula (15.31) can be written as 



Tt\u-p-h) = P{u) Tr(„^)f^^(AH)(i + ^^7^^ ) ... (l + 

\ V u — Zn — {m—ljn/ \ 



u — z„ 



u — Zi — {m — l)h J V u — zi 

see Lemma [5.171 Hence, for A^G Z>o, the image of Tm\hu; N; h)/P{hu) under the homo- 
morphism zUn '■ C[(3„] — )■ End((C^)'^") coincides with the image of the m-th transfer 
matrix 7m{u) for the Yangian y(gl^), see ( lA.ll) . under the homomorphism ipzi/h,...,zn/h '■ 
Y{gij^) End((C^)®") defined in Sectional Therefore, 



cf. Theorem 13.21 Here is the Bethe subalgebra of Y{qIj^), see Section lA.31 Since the 
homomorphism Wn is injective for N ^ n, the theorem follows from Theorem IA.2[ □ 

Proposition 5.19. Let zi, . . . ,Zn be distinct. Then the subalgebra B^^f^{zi, . . . , Zn) tends to 
B^{zi, ...,z„) as 

Proof. By formula ISTTl and Proposition 15. 8[ the limit of B^f^^zi, . . . , Zn) contains B^{zi, . . . , 
Zn). Since B^{zi, . . . , Zn) is a maximal commutative subalgebra of C[©„] for distinct zi, 
. . . , Zn, and B^j^{zi, . . . , Zn) is commutative for any zi, . . . , Zn, the limit of B^}^{zi, . . . , Zn) 
coincides with B^{zi, . . . , Zn). □ 

Proposition 5.20. The Bethe subalgebra B^ n{zi, . . . , z„) tends to the Gelfand-Zetlin subal- 
gebra Qn as h/ {zi — Z2) ^ Q and {za-i — Za)/{za — Za+i) — ?■ for a = 2, . . . , n — 1 . 

Proof. The limit of Bnri{.zi, . . . , Zn) contains Qn by Lemma [5.101 and Propositions 15.191 
and 12. 4[ Since Qn is a maximal commutative subalgebra of C[©n], and B^ f^{zi, . . . , Zn) is 
commutative for any Zi, . . . ,Zn, the limit of B^f^{zi, . . . , Zn) coincides with Qn- D 
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Remark. Recall that is the center of C[6m] • Similarly to f l5.3p . for any X G Zm-, set 

, . / m m 

P; ^) = Tr^^ I ^m{X) {u - Zn + hJ2 (^n,n+i) ■ ■ ■ {u - Zi + HJ^ (^1, 
^ i=l i=l 



n+i ! / 1 



T'::]^{u-p-h) = YJU T^nU/P;^)^''-'- Then Tr,'x,.(p;^) e Bl,{z,,...,z^) for all X G 
Zm and i = l,...,n. However, the constructed linear map Z^ B^^j^® , X ^ 

'^rnxi'^'-iP'i ^) ; is not a homomorphism of algebras. 

Let Q G ©„ be given by q{i) = n — i for z = 1, . . . , tt, . 
Lemma 5.21. Let N e Z^„. Then 

gT^\u-N-h-Zr,,...,z,)g = {-IT t'^^^IJ-u - h- N-h- -z^, . . . , -z^) 
for all m = 0, . . . , n. 

Proof. By Lemmas 15.31 and 15. 2[ formula (15.30 implies that 



m—k 



(5.16) rN(.;p,fi) n = 

= Tr(^) (^9^(AH) _ ^„ + ^ cr„,„+,) . . . (m - + E 
where K is any /c-element subset of {1, . . . , m} . Then we have 
m\{N-m)\ yn], j,j ^ X 



TrS,^)f^^(A[^l) 



i=l 1=1 

N N 

Zi + hY, Cri,n+i - ^ E 0"l,n+i) X 
j=l i=m+l 

m m 

Z2 + hJ2 (^2,n+i) ■■■ [u - Zn + Crn,n+i) 



U — 



U — 



i=l 



N 



U 



U — 



Zi + h-h Yl Cri,n+i) X 
i=m+l 



i=l 



m 



U 



1=1 



i=l 1=1 
m m 

Z2 + hJ2 (^2,n+i) ■■■ {u - Zn + Crn,n+i) X 

i=l 

N 

X {u- Zi + h- h Yl 0-l,n+i) 



i=m+l 
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where for the third equahty, we use formula f l5.12p . Repeating similar transformations several 
times, we arrive at 

^ N N ^ 

= Tr]y Un{A^^^) [u-Zn + h-h <^n,n+i) ■■■ {u - Zi + k - k (^l,n+i)) = 

= (-1)" "''%7'"^' 4"L(-« - N; h; -z„ -z^) , 

the last equality following from f l5.16p . The proposition is proved. □ 
Corollary 5.22. We have B^n{—zi, . . . , —Zn) = gB^;^{zn, . . . ,zi) g. 

Recall that ^ and * are the linear and semilinear antiinvolutions on C[6„] such that 
0"^ = (T* = cr~^ for any cr G ©„. 

Proposition 5.23. Let N G Z^„. Then 

{T^\u;N;h;z,,...,z^)y = T^;;[j-u - h; N; h; -z,, . . . , -z^) , 

(5.17) {Tj:\u; N; h; z,, . . . , z^))* = (-1)" ^^^(-n - h; N;h; -z,, . . . , , 

for all m = 0, . . . ,n . Here u,h,Zi,...,Zn are the complex conjugates of u, h, zi, . . . , Zn ■ 
Proof. It is easy to see that 

(5.18) Trf (Xt) = (Trf (X))^ 

for any X G ©n+fe, where we use ^ for both antiinvolutions of C[©„+fc] and C[(3„]. Since 

(5.19) {Tj^\u;p,h]Zi,...,Zn)y = qT^\u;p, h; Zn, ■ ■ ■ , Zi) g , 

by (15. 3 p and (15.180 . the first equality follows from Lemma [5.211 The second equality is then 
straightforward. □ 

Corollary 5.24. We have 
{BlrX^i, = Bl,X-Zu • • • , -Zn) and (S^,,,(zi, . . . , z^))* = Kfii'^^^ • • • , -^n) ■ 

6. Further properties of the Bethe subalgebras -B^^^il-^i? ■ ■ • > ^n) 

For a partition A of n, recall that Mx denotes the irreducible (3„-module corresponding to 
A, and Xx ^ — the respective central idempotent. Set B^j^ xi^iy • • • 5 ^n) = Xx^nhi^iy 

...,Zn)- The algebra B^ xi^iy ■ ■ ■ ^ ^n) is isomorphic to the image of B^ ^{zi, . . . , Zn) in 
End(MA) by the canonical projection. Clearly, B^f^{zi, . . . , z„) = -B^^j a(^i? • • • ; ^n)- 

Xhn 

Lemma 6.1. The assignment 

(6.1) ai^i+i : q{yi, ...,?/„) q[yi, . . .,yi+i,yi, ...,?/„) 

Vi - Vi+i Vi - Vi+i 

for i = 1, . . . , n — 1 , defines an action of ©„ on C[j/i, ...,?/„]. □ 
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Denote by C[yi, . . . ,yn]h the obtained ©^-module. Recall that deg q denotes the homo- 
geneous degree of q{yi, . . . , ?/„) . We extend the degree to Mx ® C[?/i, . . . , yn]h trivially on 
the first factor. Notice that action (16. ip does not increase the degree, and the leading part 
of (16. ip acts by permuting the variables. Therefore, for every w G {Mx ® C[yi, . . . ,|/n]ri)®" 
we have deg w ^ J2^=i{i — ^) K, and the component of {Mx ® C[?/i, . . . , |/n]rO®" of degree 
J27=ii'^ ~ ^) is one-dimensional, see Section HI Let wn x be a nonzero element of {Mx ® 
C[yi, . . . , yn]n)^- of degree ELil^ - 1) >^^■ 

For a positive integer m and a partition A with at most m parts, consider indeterminates 
fij with i = 1, . . . , m and j = 1, . . . , Xi + m — i, j ^ Xi — Xg — i + s for s = z + 1, . . . , 
m. Given in addition a collection of complex numbers a = (ai, . . . , a„), define the algebra 
Om,\,a as the quotient of C[/i,i, . . . , /m,A„J by relations (16. 2p described below. 

Consider fi^j as coefficients of polynomials in one variable, 

\i+m—i 

assuming that fi^x._Xs~i+s = 0. The last condition means that the coefficient of li^^+m-s 
fi{u) equals zero. The defining relations for Om,h,\,a can be written as an equality of two 
polynomials in u: 

n 

(6.2) Wr,[/i(w), . . . , U{u)] = n (^^- - + ^ - + E (-1)' ' 

where Wr/j[/i(M), . . . , fm{u)] = det(/j('U — h{i — ^ is the Casorati determinant 

(aka the discrete Wronskian). 

Lemma 6.2. Let \ be a partition with at most m parts, and k ^ m. Then the algebras 
Ok,h,x,a and Om,h,x,a are isomorphic. 

Proof. The proof is similar to the proof of Lemma 14.21 The counterpart of formula (14. 3 p is 

k 



ft\n)^{l-e-'^^f-f^'\u) n n(X+s- 

s=m+l ^ * 



SO that 



1 .! 11 {X, + k- 



□ 



Let Oti^x,a = On,h,x,a- Set 
(6.3) F{u,v) = e^^'^-^^^'Wr^/i («),...,/„(«), e"^' 

It is a polynomial in u,v with coefficients in Ofi x,a'- 

n n 



i=0 m=0 
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Recall that we identify elements of ® C[yi, ...,?/„] with M^x-valued polynomials in 

1/1, • • • ,2/n- 

Theorem 6.3. Let Zi — Zj ^ % for all 1 ^ j < i ^ n. Then 

i) The algebra B^^{zi, . . . ,Zn) is a maximal commutative subalgebra of C[6„]- 

ii) The map f^{zi, . . . , Zn) — )■ Mx, X i— > Xwri,\{zi, . . . , Zn) , is an isomor- 

A hn A hn 

phism of the regular representation of B'^;^{zi, . . . , Zn) on itself and the B'^ f^-module 
Mx ■ In particular, dim B^ f^{zi, ■ ■ ■ , z^) = Y.\hn ^a ■ 

Ahn 

iii) The action of B^f^{zi, . . . ,Zn) on Mx is diagonalizable and has simple spectrum 

Ahn 

if one of the following assumptions holds: 

a) {zi — Zj)/h are real for all i,j = 1, . . . ,n, and there exists an integer m such 
that {zi — Zi^i)/h > 1 for all i = 1, . . . , n — 1, i ^ m; 

b) There exists y E C such that {zi — y)/h, . . . , {zn — y)/h are either real or form 
pairs of complex conjugated numbers, and |lm((zi — y)/h) \ < 1/2 for all i = 1, 
. . . ,n. 

c) Zi, . . . ,Zn are generic. 

iv) The assignment T^-{n]h) ^ Ffi^x,a,m,i, for i,m = l,...,n, extends to an isomor- 
phism of algebras B'^j^ .^{zi,...,Zn) On,x,a- Here Tj^y{n;h) are given by ([EID, 
a = (ai, . . . , a„) and m" + X;"=i (-1)' as^""" = IY^=i{u - Zi + h) . 

v) The algebra B^j^ aI-^i, • ■ ■ ' ^n) is a Frobenius algebra. 

The proof of Theorem 16.31 relies upon the results similar to those obtained in |MTV4] 
with the current Lie algebra 0lAr[t] substituted by the Yangian Y{qIj^) . Details will appear 
elsewhere. 

Conjecture 6.4. The assertions i) , iv) , v) of Theorem \6.3\ hold for all zi,...,Zn. 

The next statement, which is similar to Theorem 2.1 in |MTV5j . is a rather unexpected 
byproduct of Theorem 16. 3[ 

Theorem 6.5. Let polynomials pi{t), . . . ,PN{t) be such that the polynomial 
(6.4) W{t) = (v^)^(^-^^/^det(p,(t + (Ar+l-2j)v^))^^^.^^^^^ 

has real coefficients, and all roots of W{t) lie in the strip | Imt | ^ 1. Then the vector space 
X C C[t] , spanned by the polynomials pi(t), . . . ,piy{t), has a basis consisting of polynomials 
with real coefficients. 

Proof. The statement follows from assertions (ii), (iii,b), and (iv) of Theorem 16. 3[ for- 
mula (15.1 7p . and Proposition 15.131 provided h = 2 a/— 1 . □ 

Remark. If pi{t), . . . ,PN{t) have real coefficients, then W{t) has real coefficients too. 

Example. Let = 2, pi{t) = t + a, p2{t) = t^ + bt^ + c, and W{t) is given by (ED- 
Suppose W{t) = 4t^ + At"^ + Bt, with real A and B . Then the numbers a, b, c are real if 
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and only if B ^ 4 + A^/ 12 , whereas Theorem 16.51 asserts that the numbers a, b, c are real 
provided B ^ A + A^/IQ. 

Consider the matrix Z given by fl4.4p and the matrix Qfi with the entries 
(6.5) iQn)at> = , 

Za - Zb + h 

where Ci, . . . , c„ are new variables. Given a polynomial q E C[u], set 



n ^ 

(6.6) Ca = g(^a) TT , a = l,...,n, 

Za - Zb 

0=1 

and define 

(6.7) CPri(M, v;zi,..., Zn] q) = det {{u - Z){v- Qn) - hQn) , 

where Qfi is given by (16.51) . (16. 6p . Then '?fi{u,v;zi,...,Zn;q) depends polynomially on 
the coefficients of q{u) and rationally on zi, . . . ,Zn with possible poles at the hyperplanes 
Za = Zb and Za + h = Zb for a b. 

Lemma 6.6. The expression '?fi{u, v; zi, . . . , z„; q) is regular at the hyperplanes Za = Zb- 

Proof. It follows from (16. 7p and (16. 6p that !?;((«, t>; zi, z^; g) is invariant under permu- 
tations of zi,...,Zn. So it suffices to show that CP;i(m, f ; Zi, . . . , g) is regular at the 
hyperplane Zi = Z2. The order of the pole in question is at most two, and it is straight- 
forward to see that the coefficient of {zi — ^2)"^ actually vanishes. Since 7fi{u,v; Zi, . . . , 
Zn]q) is invariant under the exchange of zi and Z2, the coefficient of {zi — ^2)"^ vanishes 
too, which proves the lemma. □ 

Write 

(6.8) sP{u;h) = ^Ti^+i^i^ u^-'-\ 

1=1 

see (15. 8p . Recall that tI^\u;p; h) = S["'\u; h) + p Y[a=ii'^ ~ ^a) ' Proposition (15. 6p . 
Theorem 6.7. Let Za — Zb ^ h for all a,b = 1, . . . ,n. Then the subalgebra B^n{zi, . . . , Zn) 
is generated by the elements S*!"], . . . , S^^l__^. More precisely, 

(6.9) TN(n,i;;n) = ?n{u,v;z,,...,Zn,S^r^), 
where 

n n 

(6.10) T^-\u,v-h) = 5^(-l)"TN(«;n;n)^""™ = Y.{-lf St\u-,n){v - ir-\ 

m=0 k=0 

see dMD, dEZD. 

Proof. For distinct Zi, . . . ,Zn, the proof is similar to the proof of Theorem 3.2 in |MTV7j . 
using the results from |MT V3] . In this case, ^^^(zi, . . . , 2;^) is generated by the elements 

Kt^ = TP{za,h) = S\'\za.h) for a = 1, . . . , n, and hence, by the elements S'["'], . . . , S\^\_i, 

because S\'\u] h) is a polynomial in u of degree n — 1. Since both sides of equality (16. 9p 
are regular at the hyperplanes Za = Zb, see Lemma 16. 6[ the statement follows. □ 
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Remark. We have TN(u,w;/i) = v''f{u,-v-^]n;h) = S{u,{l-v)-^]h) , see dESD- 

Remark. Notice that 

(6.11) K]^^ = {Za - Za-1 + haa-l,a) . . . {Za - Zi + Kai^a) 

X {Za — Zn + haa,n) ■ ■ ■ {Za — Za+1 + JT'Cra,a+l) , 

cf. (11. 3p . We call K^^\ . . . ,K^^ the qKZ elements. They commute with each other. Since 

n 

iri"l...irM= n iZa-Z, + h), 
a,b=l 

the qKZ elements are invertible if Za — Zb ^ h for all a,b = 1, . . . ,n. 

For zi, . . . ,Zn such that Za — z^ ^ h for all a, 6, and a partition A = (Ai, . . . , A„) of 
n, define the algebra "Kr^^x^zi, . . . , Zn) as the quotient of C[gi, . . . , gn] by relations f l6.12p . 
f l6.13p described below. Consider a polynomial q{u) = J2^=i1i'^"'~^y write 

n 

^niu, v;zi,..., Zn, q) = 3'ri;ij(^i, ...,Zn;q) m""^ (f - 1)""' , 

i,j=0 

see (16. 7p . The defining relations for !Ks,a(^i, ■ ■ ■ , Zn) are 

(6.12) Tfi.ij{zi,...,Zn;q) = 0, 0^j<i^n, 
and 

n n ra 

(6.13) Yl "^^-^^A^i^ ■■■,zn,q) l[{t + j) = l[{t- Xj + j) , 

i=0 j=i+l j=l 

where t is a formal variable, cf. (14. 8p . (14. 9p . 

Conjecture 6.8. Let Za — z^ ^ h for all a,b = 1, . . . ,n. Then the assignment qi i— )■ hxx 
and Qi I— 7- X\Si^i-i for i = 2, . . . , n, defines an isomorphism of algebras "K^^xi^i, . . . , Zn) 
o-'^d Bl^^^^izi, . . . , Zn) . 

7. Homogeneous Bethe subalgebra A^^ of C[6„] 

Consider the subalgebra = B^^f^{zi, . . . , zi) C C[©„]. By Lemma [5.101 it does not 
depend on h and zi. We call A''^ the homogeneous Bethe subalgebra of C[©„]. By Theo- 
rem [6]3l the subalgebra A^^ is a maximal commutative subalgebra of C[6„] of dimension 

^^^^ dim Ma. We also have {A'^f = (Al)* = A'^, see Corollary |E2l 

Further on throughout this section we assume that h = 1 and zi = ■ ■ ■ = Zn = 0. 
Denote by G the set of n-dimensional subspaces U C C[n] with the property: U has a 

basis pi, . . . ,pn such that 

Wr.bi («),..., p„(n)] = (u + ir. 
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For U E Q with a basis pi, . . . ,p„ as above, set 

(7.1) Fu{u,v) = e("-")^Wr,bi(M),...,p„(M),e"^], v = e\ 

Clearly, Fu{u,v) does not depend on a choice of the basis. 

For a partition A of n, define the subset Ga C as follows: U G Q\ if U has a basis 
Pi, . . . ,Pn such that deg Pi = Xi + n — i , i = 1, . . . ,n. 

Theorem 7.1. The action of 71^ on ^ Mx is diagonalizable and has simple spectrum. 

The eigenvectors of are in a bijection with the elements of Q. If Wu is an eigenvector 
of Al^, corresponding to U E Q, and T["l(u,f) is given by (16.101) with h= 1, then 



Fu{u,v)w 



u ' 



The vector Wjj lies in the direct summand Mx C Mx if and only if U E ©a ■ 



□ 



Proof. The theorem follows from items iii) and iv) of Theorem 16.31 . 

Remark. For k ^ n, denote by Qk the set of /c- dimensional subspaces U G C[u] with the 
property: U has a basis pi, . . . ,pk such that 

WTn[pi{u),...,pk{u)] = {u + l)\ 
For U E Qk with a basis pi, . . . ,pk as above, set 

Fu{u,v) = e('=-")^Wr,bi(n),...,pfc(M),e"^], v = e\ 

Set 9(fc) = [Jxhn Xk+i=o^>'- -^^^ ^ ^ with a basis let Sk{U) C C[u] be the 



subspace, spanned by the polynomials (1 — e 



,n. It is easy to see 



that 6k is a bijection from 9(fc) to 9^ and Fu{u,v) = {v — 1)"" Fs^,(^u){u,v) 
Set 

(7-2) Gfc"' = ^ cr^^ j^C^jj^jg 

By formula (15. 8p with = 1, we have 



0", 



*fe-ii«fc ' 



(7.3) 



fc=2 



Recall that t] (m; p; h) = pu" + 5'| (m; /i). 

Let Z be the matrix with entries Zab = 
g G C[n] , consider the matrix Q with entries 

1 rf"-" 



a,b-l 5 b 



,n. Given a polynomial 



(7.4) 
and define 
(7.5) 



Q 



ab 



{n- a) \ du'^-'' V (m + 1) 



q{u) 



M=0 



'y{u,V]q) = d.ei{{u-Z){v-Q)-Q), 
cf. (16. 7p . J'(u, f ; g) depends polynomially on the coefficients of q{u) . 
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Lemma 7.2. Let h = 1 and Zi = ■ ■ ■ = Zn = ■ Then 7fi{u, v; Zi, . . . , Zn] q) = CP(m, v; q) . 
The proof is given in Section IA.4[ 

Theorem 7.3. The suhalgehra A^^ is generated by the elements Gg"'? • • • > More pre- 

cisely, T^"'^{u,v) = CP(m, f ; ^i"^ ) , where T^^^{u,v) is given by fl6.10p with h=l. 

Proof. Since = s["l_-^^, see (I6.8p . (I7.3p . the statement follows from Theorem 16.71 and 
Lemma 17.21 □ 

Let 7„ = 0-1,2 0"2,3 • ■ • crn-i,n = gL"'. Then 
(7.6) St'^ («) = 1 + E ^« ' + nu-' 



k=l 



and there exists the power series 



(7.7) log(7.-^5l"k«)) = 



k=l 



with coefficients in C[(3„]. 

Recall that 7r["' : C[©fc] — t- C[(3„] is the embedding induced by the correspondence 
i ^ i. For brevity, set tt^ = 7r["' . 

Theorem 7.4. For every k G Z>o i/iere exists an element 6k G ©fc+i independent of n such 
that 

n-l 

(7.8) /Irl = J] 7r ^fc+i(4) 7n , A; = 1, . . . , n - 2 . 

m=0 

For example, one can take 9i = ai^2 , 62 = (cr2,3 0"i,2 — cri,2 cr2,3 — l)/2. 

Proof. The proof is by the same arguments as in the Appendix of [L]. 

Given integers = < "^i < ■ ■ ■ < h < ik+i = n + 1 with k < n define ai^^,,,^if, G ©„ as 
follows. Choose m G {1, . . . , A;} such that im+i — im> ^ and set 



where (Jn,n+i is understood as cri,„. It is easy to see that (Ti^^,,,^i^ does not depend on the 
choice of m. By (17^ . we have 7^^G|,"1^ = Z]i^;ii<...<ifc^n ^n, ■ Consider the series 

(n— 2 \ 00 

k=l l^ii<---<ifc^n ^ si,...,s,i=0 

in the variables with coefficients in C[(3n]. It is easy to see that fs2,...,sn,si = 

7nV^si,...,s„7n^. Moreover, for any m < n-l and any Si,...,Sm we have that (fsj_,...,s^,o,...,o e 
nm+ii&m+i) and 7r^+i(v5si,...,s„,o,...,o) does not depend on n. 
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One can check that v^ri,...,r„_2,o = if = for some i = 2, . . . ,n — 3. This can be done 
by determining v^si,...,s„ recursively from 



(oo X n— 2 



• si,...,s„=0 ' fc=l l^n< - <«fe^n 

see (17.91) ■ and employing induction on ^YTiZ\'''i- Define the elements G ©^+1 by 

fe k—m+l 

TTk+liOk) = Y Y '^Sl,...,Sm,0,...,0- 
m=l Sl,.--,Sm = l 
SlH |-Sm = fc 

Since n~2 n-2 

log (l + E ^n-^Gil^'^) = Y iP^' + 0{U-') 
k=l k=l 

taking ui = ■ ■ ■ = Un = u in (17. 9p yields (17. Sp . □ 

Because of formula fl7.8l) . we call the elements /|"', . . . , /^'!!2 the local charges. 

Corollary 7.5. T/ie subalgebra zs generated by 'jn and the local charges . . . ,1^12- 

Proof. The claim follows from Theorem I7.3[ □ 

Recall that (3„ acts on (C^)®" by permuting the tensor factors, and zUn ■ C[(3„] 
End((C^)'®'^) is the corresponding homomorphism. Then 

n N 
a=l i,j=l 

where E^'j = ® Eij ® i^n-a) ^nd stands for E^^ . In particular, for = 2 

the operator n — 2zUn (/|"') G End((C2)®") is the Hamiltonian of the XXX Heisenberg 
model. 

Appendix 

A.l. Bethe subalgebra of U{Qi]y[t]) and Bethe algebras BA,x,b • Let Cij be the stan- 
dard generators of gl^ satisfying the relations [eij,ek,i] = 5j,k^i,i — 5i,i^k,j- Let 0[jv[t] = 
® C[t] be the Lie algebra of gljy- valued polynomials with the pointwise commutator. We 
identify the Lie algebra gljy with the subalgebra gljy ® 1 of constant polynomials in 0(Ar[t]. 

Consider first-order formal differential operators in u : 



Xij = 5i J du-Y ® ^0 ^ ^ ^, j = 1, • • • , ^ , 

r=0 

and the A-th order formal differential operator in u 

N oo 

V = Y sign(o^) X^iDA ^.(2),2 . . . X^iNiN = d^ + J2Y. (-1)* ■ 



a£&ff 1=1 j=i 
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The unital subalgebra B C U{Qlj^[t]) generated by the elements Bij, i = 1, . . . , N, j E Z^i , 
is called the Bethe subalgebra of U{Qlj^[t]). 

Theorem A.l ([Xj, jMTVlj ). The subalgebra B is commutative and commutes with the 
subalgebra U{glj^) C U{glj^[t]). □ 

Let M be a gl^v-module. Recall that f G M has weight A = (Ai, . . . , Ajv) if ej^jf = XiV 
for all i = 1, . . . , N, and f G M is singular if Cijv = for all i < j. 

Given 6 G C, each gl^-module M becomes the evaluation module M(6) over 0ljv[t] via 
the homomorphism Ql^lt] — )• g(^, g ^t^ gb^ for any g G gl^, r G Z^eo- 

Let Lx be the irreducible highest weight g [^-module of highest weight A. For a collection 
A = {X^^\ . . . , \^^^) of g[^-weights, consider the tensor product ®\^iL^(i) of gt^-modules 
and denote by A^a,a C the subspace of singular vectors of weight A. 

Given complex numbers b = {bi, . . . ,bk), consider the tensor product ^f^iL^(i){bi) of 
evaluation g[^[t]-modules. The action of B on <^i=iL ^(i) (bi) preserves the subspace A^a,a- 
Let M.A,\,b denote the corresponding S-module. By definition, the algebras Ba,\ and 
BA,\,b are the images of B in End(®f=ii^_;^(i) and End(A^A,A,f)), respectively. 

The algebras -Ba,a,6 were studied in |MTV4] . When A*-^-*, . . . , A*^'^-' and A are partitions with 
at most N parts, and bi, . . . ,bk are distinct, the gljv[t]-niodule ®f^iL_^(i) is irreducible. If 
some of 6i, . . . , bk coincide, then the g[^[t]-module ^i^iL^(i) (bi) is a direct sum of irreducible 
submodules, and these submodules are tensor products of evaluation gl^[t]-modules. In such 
a case, the algebra -Ba,a,6 is isomorphic to the direct sum 0^/^/ -B^'^A.b') where the pairs 
A',b' label nonequivalent irreducible g[^[t]-submodules of ®*L]^L_^(i) 

Recall that Eij G End(C^) is the matrix with only one nonzero entry equal to 1 at the 
intersection of the i-th row and j-th column. The assignment Cij i— )■ Eij makes C'^ into the 
g[;v"i^odule isomorphic to L^^, where uj = (1,0, ...,0) is the first fundamental weight of 
g[;v. The algebras Bn,N{zi, . . . , Zn) and Bn,N,\{zi, . . . , Zn), introduced in Section |3l coincide 
respectively with the algebras -Ba,a and i3A,A,6 for A = {uj, . . . ,uj) and b = {zi, . . . , Zn)- 

A. 2. Algebra Oa,a,6- Let Ki, . . . , Kj^ and bi, . . . ,bk be two collections of complex num- 
bers, distinct within each collection. Let A, \^^\ . . . , A*-'^-* be partitions with at most N 
parts. The algebra Ca,a,6, where A = (A*-"*^-*, . . . , A'''^-*) , b = {bi,...,bk) and the depen- 
dence on Ki, . . . , Kn is suppressed, was defined for these data and studied in |MTV2[ 
Section 5]. 

The algebra £^(2:1, ... , z^), used in the proof of Theorem 14. 5[ coincides with the algebra 
Ca,a,6 for the following choice of parameters: N = n, k = 1, bi = 0, A^^-* = fi, \ = (1, 
. . . , 1) , and Ki = Zi for all i = 1, . . . , n. 

A. 3. Bethe subalgebra of the Yangian Y{q{j^). The Yangian Y(g[^) is a unital asso- 
ciative algebra with generators t] - for j = 1, . . . , A, s G Z>o, subject to relations 

{u - v)[ti^j{u) ,tk^i{v)] = tkj{v)tij{u) -tkj{u)tij{v) , i,j,k,l = l,...,N, 
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where tij{u) = 6ij + ^ij ■ '^^^ Yangian Y{qIj^) is a Hopf algebra with the co- 

product A : Y{gl^) F(gljv) ^Y{gl^) given by A{tij{u)) = Ylk=i ^kjiu) (S) U^kiu) for 
i,j = 1, . . . ,N . The Yangian Y{gl^) contains U{gl^) as a Hopf subalgebra, the embedding 
given by Cij ^ tf}. 
Set 

(A.l) 7m{u) = J2 Yl sign(a)ti^(^j,i,(M-m + l)...ti^(^,,i„(M). 

The series 7i{u), . . . , 7n{u) , are called transfer matrices, see |KS] and a recent exposition 
in |MTVlj . Formula ( lAi]) is obtained from formulae (4.13) and (4.9) in |MTVlj . 

The subalgebra Bjj C F(gljv) generated by coefficients of the series 7i{u), . . . ,7n{u) is 
called the Bethe subalgebra of F(g[^). 

Theorem A. 2 ( |KSj ). The subalgebra Bjf is commutative and commutes with the subalgebra 
Uigy)cYigy). □ 

Let Eij G End(C^) be as in Section lA.ll Given a complex number x, the assignment 

tjj Ej^ix" for i,j = 1, ... ,N, s G Z>o, that is, tij{u) 6ij + Ej^i{u — x)~^, makes 

into the evaluation module V{x) over F(g[^). 

For complex numbers we denote by ipxi,...,xn '■ '^{Q^n) ~^ End((C^)®") the 

defining homomorphism of the y(g[;v)-module V{xi) (g) ■ ■ ■ ® V{xn). This homomorphism 
is used in the proof of Theorem 15.181 . 

A. 4. Proof of Lemma 17.21 In the proof, we are using several identities for rational func- 
tions whose verification is left to a reader. 

Let C be the matrix with entries Cab = Y[t=i i^b — Zc) for a ^ b, and Cab = for a > 6 . 

Then the entries of C~^ are {C~^)ab = Y[l=i cjta i^a — Zc)'^ for a ^ b, and {C~^)ab = for 
a> b. 

Recall that Z and Z are the matrices with entries Zab = ZaSab and Zab = 5a,6-i- It is 
straightforward to see that 

(A.2) CZC-^ = Z + Z. 

Let Qfi be the matrix given by (16. 5p . (16.61) . and Q = CQ^C^^ with h = 1. Then after a 
minor simplification 

= E E n ^ n ^ • 

c=a d=l ^ r=a Zr Zd 

Taking the sum over d, we get 

n n ^ b ^ -I r n ^ b ^ 

Qab = ^(^^) n — n — TT = V- / ^(^) n — n — rr 

^ fj- Zc- Zr ^^Zc- Zs + l 2-7:1 J ^ ^ U - Zr ^ \ U - Zs + I 

c=a I —a r=a s=l 

r^c ' 
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where 7 is a simple closed curve such that the points zi, . . . , z„ are inside 7 and Zi — 1, 
.... 1 cirG outside. For instance, if | < 1/3 for all a, one can take 7 to be the circle 
1^1 = 1/2 . Therefore, in the limit 2;^ — )■ for all a = 1, . . . , n , 

Qab -> 7^ : / „_„ , 1 / — TTT du = Qab , 

2tti J "-^^ [u + 1)" 

|m|=1/2 

cf. f l6.5p . The last formula together with ( 1A.2I) . (16. 7p and (17. 5p implies that 



CPrt(u, v]Zi,..., Zn] q) 7{u, f ; g) , Za^O, a = l,...,n, 
which proves Lemma (17. 2p . □ 
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